
Lecture 3: Symmetries (CFT)

Content: Symmetrics in Classical Field theory, Noether's Theorem,

Energy-Momentun Tensor, Charge Generators, Quantization

Doyma.

Last day:Classical Field Theory, Classical Field quantization.

Symmetries in Classical Field Theory:

Suppose 2(4, fnda); M
=

0,1,2,3, c =1,2, .
..,N

is a Lagrange density for some fields ba(x).

consider an infinitesimal transformation

00(x) =baCX) +Xa(da). (3.1)
-

infinitesimal

Thisiscalled an infinitesimal) Symmetry if itleaves

equations of motion invariant:

11 119, Euda'):1 (du,Gu4) + GEM (3.2)

for some total derivative z of some function

FM.



Reall:S(4) =(d*2 =(d4x(2 + 2nFM) (3.3)

Noether's Theorem:

Every continuous symmetry of a Lagrangian/Lagrange
density implies the existence of a conserved

current jM(x) where 2 =0.

Infinitesimal

Roof: Let on be arbitrary change in the fields.

=>f2(4,frda) =1(9a +8du,fr(9 +84a))
- 2(4a,zuda) (3.4)

FIRST ORDER-

asdale Santaal f(2nda) (3.5)

cintoscall-Internal), son (3.6

However, when In obeys the E.L equations,

the firstterm in B.6) vanishes. Thus we find



SaCdn, zndn)=End) 842) (3.7)

When S0 =X(d] (for infinitesimal symmetries)

THEN 82:FuFM

Thisimplies

CmFM =amlen) X(43) (3.5)

which yields a conservation law

↳Estan) X (9) - Fr =0 (3.9)

or 2u] =

0, with

ja(x) =y) X(92] - Fr (3.10)

Conserved Current

Juj" implies existence of conserved

"Charges"

m



-measurable ...

Define. For any VC Mis

r=(dx jox) (3.11)

Calculate:a= Sdx,E] continuity (3.12)
I

-Sa ert" (divene
(3.13)

(3.14)

LetVFR (and assume j-so as N -x)

in which cuse daR =O

We may also work backwards, in the sense thatconserved

charges generate symmetries.

Stress-Energy Tensor:
I temporal/3 spatial

Example: Spacetime translations.
-

Consider the active transformation xis x-E.



" da(x) ->4a(x)

S

New field:

P.(x) =da2X +EM) Taylar Expand
(3.15)↳

=d(XM) +42x (3.16)

How does the Lagrange density change?

I (d, 2nd) =I(X) (3.17)
I only a function of X...

=>f(x) =2(x)+ EGrL (3.14)
-

In F

4 symmetrics =>4 conserved currents -> 16 quantities

Consider

(M = (((1,0,0,0), (0,0,0),(0910), (0,015 (3.14)
Go

sich that*: SF (3.20)



Apply Noether'stheorem to each ofsum in turn,

je=e8r%a-Fr (3.21)

STRESS-ENERGYTENSOR

/ENERGY - MOMENTUM)(j) =
+2

16 numbers

Here, FM:842 (3.22)
Proof: Recall that 2(X)=1(X)+ 2uF.

This 82= EuFr =E*8n2.

Note that FM has a coordinate in
Then FM has two coordinates Mir

contracting along IM implies

CnFY=EYMIr8m2 ->(VY:S
in tensor

=ES In1 form)

But since E, Sm's arbitrary, we find

F* =SY1.
#A

These conserved currents correspond also to

conserved charges:



GuTY =0. (3.23)

Corresponding conserved changes (TM=2*Ti)
-E =fax to (3.24)

Energy

and pj =(dx Toj (3.25)
· th↳ Momenta in J

direction

Example (of an example):

Klin-Gordon Lagrange Density

2 =t(2nd240) - 1202 (3.26)

Easy to show that

+M =2026 - SM (2n924-m2d? (3.27)

Proof: Note by definition

22
=Isertol?""G,42,4n}sterdal

=2) Senda+ 2xdS}
=I(2d +2da)
-2 du



Tr:see 2bu-g
=>fur-edd - 1gr)---)

⑭

The energy is Sdxto:
E =(dx((0432 - (204) +mi) (3.2)
=(dx f(x) B.29)

And pi =(dx825d. (3.30)

Lorentz and Poincere Transformations:

Infinitesimal: ** is X (3.31)

↳
usual transformations are

infinitesimal.

We requre = 8 +wi (3.32)
-

infinitesimal

Since 21 =

2,



(84+wi)(8k +win) 2" =yur (3.33)

and you can show thatto order of 0(wl)
GMwr =0. (3.34)

Proof: (84 +wi)(8 +wil "
"

=(84Si + sqwi +wSY +wwin"
=zur +yak +wir +a(w)

=zuV +ar +
wM

+0(w2)
Butthisis all equal to you, hence

0 =cr +mur(d(wi))
IS desired. an

This implies the "matrix"of entries

6 infinitesimal

↑
o - X -I - Z

I
-> conserved

w =
x 0 -x - B currents

- 212 I o 13.35)



Now for fields:

Pa(x) - da(x) =daLX) (3.36)

substituting (3.35) into 13.36),

4(XM =wxY) E Pax-wrexxtI
For
t

3.37)
inverse
-

We can then work out the infinitesimal symmetries

80 = -wYx8nda(X)] X(d] (3.35)

I62 = -wexcut-zur (3.39)

Noether'sTheorem:

jY =seal wir x"Cadax") +wx213.40)
*6 independent conserved currents (TM)

Bringing out the 'cMx" terms, we find this

conserved current to be the difference of two

energy momentum tensors, multiplied by x":



(ymyr =x97Mr - x+M0 (30417

and 2m (IM)=0 13.42).
-

What are the conserved charges? -j,
=[1,2,3)

aiK =(dx (xiro" - x" +°s) (3.43)
"Generators of Rotations"

Qu5 = (dx (xotoi - xito) (3.44)
"Generators ofBoosts"

Why are these charges called generators?
Recall Poisson Bracket:

Suppose (18,Pi) (j =1....)
are pairs of canonical coordinates,

let 7,9:R" -> i. The
phase span

Poisson Bracket between 1.1 is

[7,23 =c-2723 (3.45).
2pj29;

The corresponding Poisson Bracketfor fields is



[F,GY =faxSE - (3.46)

It turns out :[5, H3 (3.47)

Replacing H (eg. (3.47) with a conserved

charge (ey. (3.43)/(3.44),

=(7, GY (3.45)

which generates the corresponding symmetry transformations.

Furthermore, these conserved charges obey lie algebra

[Qpa, qpy=... Qu (3.49)
↳ Lie algebra of

Poincare Group

Standard Dogma of Quantization: bounded on a Hilbert

n Spar

f on phase space
-of observable



[7,z3=h ->(7,2):in

①* -> *
L

Generators of Lorentz

Transformations in the

Hibert Space

a =i(2,") was (3.50)


